
740 AIAA JOURNAL, VOL. 39, NO. 4: TECHNICAL NOTES

reduced vibration amplitudes and a slight phase shift. However, the
global-Nx model results show no phase shift and an increased vi-
bration amplitude. Figure 4a shows the time history of the surface
pressurefor the two " casesstudied,0.05and0.4,usingthecomputed
value of ¿w . Increasing " results in increased surface pressure am-
plitudes and nonsymmetric � uctuations. Figure 4b shows the time
histories of the wall shear stress. Similar to the pressure, the shear
stress amplitudes increase with increasing" and show the presence
of additional frequencies.The increase in amplitudes is not as large
as in the case of the pressure. Figure 5 shows the in-plane displace-
ment response at the center of the beam for the same two cases and
for the case with large wall shear stress and " D 0:4. In all of the
cases, the time histories show the presence of more than one fre-
quency. As expected, the in-plane displacement response is orders
of magnitude smaller than the out-of-planeone.

Conclusions
Results obtained in this study show that in � ows producing large

wall shear stresses, a fully coupled model that uses the local value
of the tension, that is, a local-Nx model, and that accounts for wall
shearstress is neededfor accuratepredictionsof structuralresponse.
This result was shown to be true for both low- and high-pressure
loading. In � ows with low wall shear stresses, the global-Nx model
is suf� cient for accurate structural vibration predictions.
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Introduction

T HE concept of using a compliant wall to reduce skin friction
and � ow noisehasmotivateda numberof studiesof instabilities

that arise from the interaction between a passive compliant coating
and a � ow. In a series of experiments, Hansen et al.1 and Gad-el-
Hak et al.2 observed the large-amplitudeform of a static divergence
(SD) wave on a highly damped viscoelastic layer under turbulent
boundarylayers.The onsetofSD instabilitywill lead to the temporal
growth of the disturbanceat any � xed point in the � ow and is likely
to give rise to signi� cantly large surface vibrations or oscillations.
This may cause a roughness effect that would directly increase the
skin-frictiondrag and � ow noise.

The SD instability mode is generally believed to be an absolute
instability. The limited knowledge that we have of absolute insta-
bility over � exible plates has been derived primarily from a handful
of works. For example, Brazier-Smith and Scott3 found that poten-
tial � ow over nondissipativecompliant plates suffers from absolute
instability when the � ow speed exceeds a certain critical value, de-
pendingon the propertiesof the plate;Lucey and Carpenter4 studied
the response of a single-pointpulse perturbation in an unsteady po-
tential � ow; and Yeo et al.5;6 studied the absolute instabilityof lami-
nar boundarylayer and modi� ed potential� ows, representingturbu-
lent and laminarboundarylayers,overviscoelasticcompliantlayers.

The focus of the present Note is on uniform potential � ow over
a plate–spring system. Uniform potential � ow represents the lim-
iting form of laminar and turbulent boundary layers as their thick-
ness tends to zero, and the plate–spring system may schematically
describe a general theoretical model for a compliant wall. The nu-
merical model is quite simple, but the study for this simple model
allows us to better appreciate and understand the signi� cance of the
hydroelastic-typeinstabilities in a � ow over compliant layer.

Mapping Technique to Detect Absolute Instability
The spatio– temporal evolution of a perturbation impulse located

at the origin x D 0 is described by the following Green’s function:

G.x; t/ D 1

4¼ 2

Z

L

Z

F

d® d!

D.®; !/
exp.i®x ¡ i!t/ (1)

The complex frequency ! and complex wave number ® are re-
lated by the dispersion relation D.®; !/ D 0. The time-asymptotic
response of Green’s function may be determined via a process of
analytic continuation in which the Laplace contour L is deformed
toward the real axis of the complex ! plane. When the Laplace
contour L is deformed, the Fourier contour F is simultaneouslyde-
formed to preservethe analyticityof the integral if the pathsof two ®
roots originating from opposite halves of the ® plane intersect each
other.We termsuch an intersectionpointa pinchpoint.The double®
roots at the pinchpoint give rise to a singularityat the corresponding
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!. The singularity in the ! plane is a branch point, with its branch
cut taken straight down. When such a branch-point singularity oc-
curs in the upper half of the ! plane, there is an absolute instability,
that is, at all points in space,

lim
t ! 1

G.x; t/ ! 1

Otherwise, there is at most convective instability so that

lim
t ! 1

G.x; t/ ! 0

A fuller account of the theory is given by Briggs7 and Bers.8

Kupfer et al.9 devised a useful procedurefor locating the branch-
pointsingularitiesof absoluteinstability.At a pointof intersectionof
two ® roots, the local mapping between the ® plane and the ! plane
has the form of quadratic equation. If ®0 is the intersection point in
the ® plane and !0 is the image of ®0 in the ! plane, the ®i contour
thatpassesthrough®0 formsa cuspat !0. When .!0/i > 0, a possible
absolute instability is indicated. It is still necessary, however, to
verify that the intersection arises from ® roots originating from
opposite halves of the ® plane. This requirement can be checked by
drawing a straight ray from the suspected cusp point !0 vertically
upward (!r D cons) and observing the number of times this ray
intersects the image of the ®r axis (®i D 0) in the ! plane. The sum
total of crossings must be an odd number for a genuine branch-
point singularity.This cusp-producingfeature of the local map is an
effective means for detecting the occurrence of ® root interactions.

Dispersion Relation
A fairly general theoretical model for a compliant coating may

be illustrated schematically by a plate–spring system. The plate–

spring system consists of an elastic plate (or tensioned membrane)
supported above a rigid surface by an array of springs, as shown in
Fig. 1. A uniform potential � ow is regarded to pass along the plate
(or membrane) surface. If such a surface undergoes disturbances
with the form of

´ D Ó exp.i®x ¡ i!t/ (2)

the motion of the surface will be governed by the following non-
dimensional equation:
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where°w D ½w=½, where½w is densityof the plateand½ is densityof
the � uid; d is nondimensionaldamping coef� cient; D is nondimen-
sional � exural rigidity; T is nondimensional longitudinal tension;
and KE is nondimensional spring stiffness. When � exural rigidity
is taken as D D 0 , it is a tensioned membrane case; when T D 0, it
correspondsto an elasticplate. Here ps are the perturbationsin � uid
pressureacting on the plate surface. It may be determined from a di-
rect applicationof Bernoulli’s theorem and the continuityof normal
velocity at the interface as

ps D ¡® [ 1 ¡ .!=®/]2´ (4)

in which the velocityof potential � ow is taken as unity. Substituting
ps into Eqs. (3) obtains the solutions of this equation for radian
frequency:
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It is the dispersion relation of a uniform potential � ow over a plate–

spring system. For given wave number ® and prescribed plate and
spring parameters, two branches of the ! solution can be obtained
from this equation.

Fig. 1 Uniform potential � ow over plate–spring system.

Fig.2 Contoursof®i = 0 atvariousspring stiffness for a bendingplate;
two branches of the contours locate at different halves of the ! plane.

Stability Analysis
We start the study from a damped bending plate (T D 0; D 6D 0)

with h D 1, °w D 1, d D 0:01, and D D 0:109. The temporal stability
is � rst investigated via solutions of the dispersion equation (5) for
real wave number ®. In a temporal theory, the instability occurs if
there exists a root of the dispersion relation with !i > 0 because
positive !i indicates a temporal growth of the perturbation ampli-
tude. Figure 2 shows ®i D 0 contours for various spring stiffness
K E . The dispersion equation has two complex ! roots, one located
in each half of the ! plane. Those located in the upper-half ! plane
represent unstable temporal modes. The system is, thus, identi� ed
as being unstable.Figure 2 also shows that the ®i D 0 contours form
closed loops and cross the origin point ! D 0. Increase in stiffness
K E causes the ®i D 0 loop in the upper-half plane to tighten and
shrink toward the origin ! D 0. The ®i D 0 loop eventuallyvanishes
into the origin as K E is increased to a threshold of 0.9891. The
threshold of K E is unaffected by the level of the damping.

The absoluteinstabilityis furtherexaminedvia a spatio– temporal
analysis.More ®i contours(for ®i 6D 0) are mappedonto the ! plane
throughthe dispersionrelation (5). Figure 3 shows the mappings for
thecaseof dampedplatewith springstiffness K E D 0:2 and damping
coef� cient d D 0:01. A cusp point is formed by the ®i D ¡0:105
contour.The cusp point indicates the occurrenceof root intersection
in the corresponding ® planes. The causality requirement may be
veri� ed by extendinga straight line vertically upward from the cusp
point and ascertaining the number of times the line intersects the
®i D 0 contour. It is readily seen that such a straight line would
intersect the said contouronly once. This indicates that the unstable
mode we found is also an absolutely unstable mode.

As springstiffness K E is increased,the®i D 0 loopshrinkstoward
the origin ®i D 0. The shrinkingof the loop takesplacewith the cusp
pointbeingentrappedwithin the loopthroughout,as shownin Fig. 4.

The loop eventuallyvanishesinto the originas KE is increasedto the
thresholdvalue, at which point the loop is itself transformedinto the
cusp that it encloses. There is, thus, no convectivelyunstable mode
for a damped bending plate. Similar instability behavior was found
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Fig. 3 Unstable branch of ®i contours for a damped bending plate;
branch-cut singularity occurs.

Fig. 4 Unstable branch of ®i contours for a damped bending plate;
cusp point moves toward origin as spring stiffness is increased.

by Yeo et al.6 in the potential � ow over a single-layer viscoelastic
wall.

On the other hand, no cusp points have been found at the ®i

contours for an undamped plate (d D 0). All of the ®i 6D 0 contours
are discontinuousin upper-half plane; ! roots jump to the opposite
side of the real axis before the contours form cusps. It, therefore,
indicates that a potential � ow over an in� nitely long undamped
bending plate does not admit absolute instability.

A similar situation can also be seen for a membrane (T 6D 0,
D D 0). A potential � ow over an undampedmembrane admits static
temporal instability,whereas a � ow over damped membrane admits
only an absolute instability mode.

Conclusions
The instability of a uniform potential � ow over a plate–spring

system is investigated from the time-asymptotic spatio-temporal
perspective. The study indicates that uniform potential � ow over
dampedplate–springsystemadmits only absoluteinstabilitymodes.
Absolute instability sets in as the � ow becomes unstable according
to normal-mode temporal theory, and the onset of instability for a
damped plate (or membrane) is unaffected by the damping level.
A potential � ow over an undamped plate–spring system does not
admit absolute instability.
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Introduction

I T is well known that the addition of radicals to a combustible
mixture drasticallydecreases the ignitiondelay time and extends

the � ame holding limit.1 Therefore,many practical applications,for
example, a plasma torch igniter for a scramjet engine2 or ignition
and � ame holding by a laser, and enhancement of combustion by
a continuous electric discharge,3 have been developed to enhance
ignition and � ame stability. Although the effect of the addition of
radicals on ignition delay time has been extensively investigated,
little attention has been focused on its effect on burning velocity
except for the case of � ame propagationwith oscillation in a closed
chamber.4 From the viewpointof � ame holding,a change in burning
velocity by the addition of radicals may possibly play an important
role. In this study, the effect of the addition of radicals on burning
velocity was investigated using a one-dimensional � ame code.

Numerical Method
Burning velocities with the addition of radicals were calculated

using the one-dimensional� ame code developedby Smooke et al.5

A reaction model constituted from 15 (O2 , H2, H2O, H, HO2, O,
OH, H2O2 , N2, N, NO, NO2 , N2O, NH, and HNO) species and 45
elementary reactions6¡8 was used in the calculations.The code and
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